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Abstract 

The scattering of fermions from the abelian string arising during the phase 
transition 5*0(10) — * SU(5) x Z2 induced by the Higgs in the 126 represen- 
tation is studied. Elastic cross-sections and baryon number violating cross- 
sections due to the coupling to gauge fields in the core of the string are com- 
puted by both a first quantised method and a perturbative second quantised 
method. The elastic cross-sections are found to be Aharonov-Bohm type. 
However, there is a marked asymmetry between the scattering cross-sections 
for left and right handed fields. The catalysis cross-sections are small, de- 
pending on the grand unified scale. If cosmic strings were observed our results 
could help tie down the underlying gauge group. 
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I. INTRODUCTION 



Modern particle physics and the hot big-bang model suggest that the universe underwent 
a series of phase transitions at early times at which the underlying symmetry changed. At 
such phase transitions topological defects could be formed. Such topological defects, 
in particular cosmic strings, would still be around today and provide a window into the 
physics of the early universe. In particular, cosmic strings arising from a grand unified 
phase transition are good candidates for the generation of density perturbations in the early 
universe which lead to the formation of large scale structure 0. They could also give rise 
to the observed anisotropy in the microwave background radiation ||. 

Cosmic strings also have interesting microphysical properties. Like monopoles @] they 
can catalyse baryon violating processes |5||| . This is because the full grand unified symmetry 
is restored in the core of the string, and hence grand unified, baryon violating processes are 
unsuppressed. In it was shown that the cosmic string catalysis cross-section could be 
a strong interaction cross-section, independent of the grand unified scale, depending on 
the flux on the string. Unlike the case of monopoles, where there is a Dirac quantisation 
condition, the string cross-section is highly sensitive to the flux, and is a purely quantum 
phenomena. Defect catalysis is potentially important. It has already been used to bound 
the monopole flux H], and could erase a primordial baryon asymmetry JTD|. It is, thus, 
important to calculate the string catalysis cross-section in a realistic grand unified theory. 
In | a toy model based on a U(l) theory was used. In a grand unified theory the string 
flux is given by the gauge group, and cannot be tuned. 



A cosmic string is essentially a flux tube. Hence the elastic cross-section is just an 
Aharonov-Bohm cross-section fl2f , depending on the string flux. This gives the dominant 
energy loss in a friction dominated universe |13| . Since the string flux is fixed for any given 
particle species it is important to check that the Aharonov-Bohm cross-section persists in a 
realistic grand unified theory. 

In this paper we calculate the elastic and inelastic cross-sections for cosmic strings arising 
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from an SO (10) grand unified theory ||14|| . Cosmic strings arise in the breaking scheme [15 



SO(10) — > SU(5) x Z 2 where the breaking is due to the 126 representation of the Higgs 
field, the self-dual anti-symmetric 5-index tensor of SO(10). These stable strings survive 
the subsequent transitions to SU(3) x SU(2) x U(l) x Z 2 |I5| . They have been studied 
elsewhere |I7| . 

Now the SO(10) symmetry is restored inside the string core, and therefore there are 
baryon number violation processes mediated by the gauge fields X, Y, X', Y' and X s of 
SO (10). We therefore expect a non-zero inelastic cross-section which we will determine. 
This cross-section should be running from a small cross-section 0(r]^ r ), where r] is the grand 
unified scale ~ 10 15 GeV to a much larger cross-section of the order of the strong interaction. 

The plan of this paper is as follow: In section [TJ we define an SO(10) string model. We 
give 'top-hat' forms for the Higgs and gauge fields forming the string, since the 'top-hat' core 
model doesn't affect the cross-sections of interest structure of the string core, we introduce 
the baryon number violating gauge fields of SO(10) present in the core of the string. 

In section [111 A| we review the method used to calculate the scattering cross-sections. 



There are two different approaches. A fundamental quantum mechanical one and a pertur- 
bative second quantised method calculating the geometrical cross-section, i.e. the scattering 
cross-section for free fermionic fields. The catalysis cross-section is then enhanced by an 
amplification factor to the power of four. 

In section p [B| we derive the equations of motion. In order to simplify the calculations 



and to get a fuller result, we also consider a 'top-hat' core model for the gauge fields mediating 
quark to lepton transitions. 

In section |III C| and section [II fD| we calculate the solutions to the equations of motion 
outside and inside the string core respectively, and in section [111 E| we match our solutions at 
the string radius. In section [111 F| we calculate the scattering amplitude for incoming plane 
waves of linear combinations of the quark and electron fields. 

We use these results in section [TV] and section [V] in order to calculate the scattering 



cross-sections of incoming beams of pure single fermion fields. In section |V| we calculate 



the elastic cross-sections. And in section [VII| we calculate the baryon number violation 
cross-sections. 

In section [VI] we derive the catalysis cross-section using the second quantised method of 
ref. [0,|J. The second-quantised cross-sections are found to agree with the first quantised 
cross-section of section [VJ. 

There are 4 appendices. Appendix gives a brief review on SO(10) theory, and gives an 
explicit notation used everywhere in this paper. Appendices [B] and |C| contain the technical 
details of the external and internal solutions calculations. Finally, Appendix |TJ is a discussion 
of the matching conditions at the core radius. 

II. AN SO(10) STRING 

In the appendix A, we give a brief review of SO(10) theory. With that notation, the 
lagrangian is, 

L = \f^F» v + ( J D M $ 126 ) t (^ 1 $ 126 ) - + L F (1) 

where F^ v = —iF^ u r a , r a a = 1, ...,45 are the 45 generators of SO(10). $i 2 6 is the Higgs 
126, the self-dual anti-symmetric 5-index tensor of SO(10). Lp is the fermionic part of the 
lagrangian. In the covariant derivative _D M = + ieA^, = A^Ta where A ^ a = 1,...,45 
are 45 gauge fields of SO(10). 

We assume that the universe undergoes the following breaking scheme, 

50(10) ^ 6> SU(5) x Z 2 < ^ > SU(3) x SU(2) x 17(1) x Z 2 < ^i )> SU(3) x U(1) Q x Z 2 

giving vacuum expectation values to the components of the 10 which correspond to the usual 
Higgs doublet. The decomposition of the 126 representation under 577(5) x Z7 (1) is given 
by, 

126 = 1 10 + ... . (2) 
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The first transition is achieved by giving vacuum expectation value to the component of 
the 126 in the li direction. The first homotopy group tti(SO (10) / SU (5) x Z 2 ) is Z 2 , and 
therefore Z 2 strings are formed. In terms of SU(5), the 45 generators of SO(10) can be 
decomposed as follows, 

45 = 24 + 1 + 10 + 10 (3) 

From the 45 generators of SO(10), 24 belong to SU(5), 1 generator corresponds to the U(l)' 
symmetry in SO (10) not embedded in SU(5) and there are 20 remaining ones. Therefore 
the breaking of SO(10) to SU(5) x Z 2 induces the creation of two types of strings. An 
Abelian one, corresponding to the U(l)' symmetry, and an non abelian one made with 
linear combinations of the 20 remaining generators. In this paper we are interested in the 
abelian strings since the non abelian version are Alice strings, and would result in global 
quantum number being ill-defined, and hence unobservable J7) . We note that there is a wide 
range of parameters where the non abelian strings have lower energy | I7| . However, since 



the abelian string is topologically stable, there is a final probability that it could be formed 
by the Kibble mechanism M. 

If we call r str the generator of the abelian string, r str will be given by the diagonal 
generators of SO(10) not lying in SU(5) that is, 

Tstr = \ (M 12 + M 34 + M 56 + M 78 + M 9 10 ) (4) 

where JWy : i,j = 1...10 are the 45 SO(10) generators defined in appendix A in terms of the 
generalised gamma matrices. Numerically, this gives, 

11 1 1 1 1 1-3 1 1 1-3 1-3 -3 -3 

r str - iag(~ 'T^'Yo'Yo'Yo'Yo'Yo' ' To ' To ' To ' To" ' To ' To" ' To" ' To"-* ' ^ ' 

The results of Perkins et Al. || find that the greatest enhancement of the cross-section is 
for fermionic charges close to integer values. Thus, from equation (|5p, we expect no great 
enhancement; the most being due to the right-handed neutrino. 

We are going to model our string as is usually done for an abelian U(l) string. That is, 
we take the string along the z axis, resulting in the Higgs $126 and the gauge fields of 



the string to be independent of the z coordinate, depending only on the polar coordinates 
(r,9). Here is the gauge field of the string, obtained from the product = A^ str r str . 
The solution for the abelian string can be written as, 



<fi26 = /(r)e— *$ = /(r)e*$ 

A 9 ^'K 
Aq = T str 

er 



(6) 



(7) 



where $o is the vacuum expectation value of the Higgs 126 in the 1 10 direction. The functions 
f(r) and g(r) describing the behaviour the Higgs and gauge fields forming the string are 
given by 



f(r) 



i] r > R 



, g{r) 



1 r>R 
&r<R 



(8) 



where R is the radius of the string. R ~ 77 -1 , where r\ is the grand unified scale, assumed 
to be rj ~ lO 15 ^^^. In order to simplify the calculations and to get a fuller result we use 
the top-hat core model, since it has been shown not to affect the cross-sections of interest. 
The top-hat core model assumes that the Higgs and gauge fields forming the string are zero 
inside the string core. Hence, /(r) and g(r) are now given by, 



f(r) 



i] r > R 
r < R 



1 r > R 
r < R 



(9) 



The full 5*0(10) symmetry is restored in the core of the string. 5*0(10) contains 30 
gauge bosons leading to baryon decay. These are the bosons X and Y, and their conjugates, 
of SU(5) plus 18 other gauge bosons usual called X', Y' and X s , and their conjugates. 
Therefore inside the string core, there are quark to lepton transitions mediated by the gauge 
bosons X, X', Y, Y' and X s and we expect the string to catalyse baryon number violating 
processes in the early universe. 

The X, X', Y, Y' and X s gauge bosons are associated with non diagonal generators of 
SO (10). For the electron family, the relevant part of the lagrangian is given by, 
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l x = * 16 (ie-fix^T* + xy + + yy + x s y°)) * 16 



(10) 



where r x , r x ', r y , and r y ' and r Xs are the non diagonal generators of SO(10) assosiated 



with the X, X', Y, Y' and X s gauge bosons respectively. 



Expending equation (|K]) gives [[2(J 




+4=Y^[-e a ^Ydi - d^vt - u La ret\ 
+ °Y?[e aPj d'2r4 - u Ral »e + R - d Lal ^ c L ] 



H 7^^sJdLal'"e L + d Ra 'fe R + U La ^V L + Ur^Vr] 



(11) 



where a, (3 and 7 are colour indices. The X s does not contribute to nucleon decay except by 
mixing with the X' because there is no vertex qqX s . We consider baryon violating processes 
mediated by the gauge fields X, X', Y and Y' of SO(10). In previous papers PJTI|, baryon 
number violating processes resulting from the coupling to scalar condensates in the string 
core have been considered. In our SO(10) model we do not have such a coupling. 

III. SCATTERING OF FERMIONS FROM THE ABELIAN STRING 

A. The scattering cross-section 

Here, we will briefly review the two methods used to calculate the scattering cross- 
section. The first is a quantum mechanical treatment. From the fermionic lagrangian Lp, 
we derive the equations of motion inside and outside the string core. We then find solutions 
to the equations of motion inside and outside the string core and we match our solutions 
at the string core. Considering incoming plane waves of pure quarks, we then calculate 
the scattering amplitude. The matching conditions together with the scattering amplitude 
enable us to calculate the elastic and inelastic scattering cross-sections. The second method 
is a quantised one, where one calculates the geometrical cross-section (j^) ge om, i-e. using 
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free fermions spinors ipf re e- The catalysis cross-section is enhanced by a factor A A over the 
geometrical cross-section, 

C"inei A ( )geom (1^) 

where the amplification factor A is defined by, 

MR) ' { ' 

where R is the radius of the string, R ~ r/ _1 . This method has been applied in ref. 
and PI. 



B. The equations of motion 

The fermionic part of the lagrangian Lp is given in terms of 16 dimensional spinors as 
defined in Appendix A. We shall consider only one family in this work, and in particular 
the electron family. The fermionic lagrangian for only one family, 

L F = 4 e) = *167 m £>m*16 + L M + L x (14) 

where Lm is the mass term and L x is the lagrangian describing quark to lepton transitions 
through the X, X', Y, Y' and X s gauge bosons in SO(10) and given by (equation [TTj) . The 
covariant derivative is given by = — ieAn )Str T s tr where A^ str is the gauge field forming 
the string and r str is the string generator given by equation (j5|). Therefore, since r str is 
diagonal, there will be no mixing of fermions around the string. The lagrangian Lp will 
split in a sum of eight terms, one for each fermion of the family. In terms of 4-spinors, this 



is 



Lp = Y,L) + L x (15) 



where L) = iipl^Dfal + i^V-PfW + U m , and i runs over all fermions of the given 
familly. One can show that iy^' '7^ D^ip^ 1 = i^jf^^D^il)^ and r^ t c r l = r^ r \ Finally, L x is 



given by equation (]lT|) . It is easy to generalise to more families. 



From equations (|T5|) and ([11]) we derive the equations of motions for the fermionic fields. 
We take the fermions to be massless inside and outside the string core. This a relevant 
assumption since our methods apply for energies above the confinement scale. We consider 
the case of free quarks scattering from the string and coupling with electrons inside the 
string core. Outside the string core, the fermions feel the presence of the string only by the 
presence of the gauge field. We are interested in the elastic cross sections for all fermions and 
in the cross-section for these quark decaying into electron. The fermionic lagrangian given 
by equations (|15|) and (|ll|) becomes, 

Me, q) = ie L YDfe L + ie R ^D% R e R 
+ l q L l fl Dfq L + l q R YD^ R q R 

giving the following equations of motion, 

vfDfe L + ^§7^2 = 
vfDpen + 0|7^ = 
i^Df\l + f^Al = 

i^Df\ R + 0^ = (17) 
which are valid everywhere. The covariant derivatives D e '^ L,R ^ = <9 M + ieA^^ str Tgll L,R ^ and 

f)Q c ,(L,R) _ a , • A Q,(L,R) w i R,u _ L,u _ L,e _ L,d _ 1_ , Re _ Rd _ -3 

u — u fj,rt(i-n^, > str^str ■ vve nave T str — r str — r str — r str — 10 dim r str — r str — w 
together with t^ 1 = r R, r l and rf^ = t r ^'\ G^ and G' stand for X^, X' Y' or Y' 
depending on the chosen quark. 

Since these equations involve quarks and lepton mixing, we do not find independent 
solution for the quark and lepton fields. However, we can solve these equations taking linear 
combinations of the the quark and lepton fields, g£±e^ and q R ±e R . In this case, the 
effective gauge fields are 

e{A lh8tr r f ^±G ll ) (18) 



and 

e(A^ str T s f f r ±G'J (19) 

respectively. 

In order to make the calculations easier, we use a top-hat theta component for G and 
G' within the string core, since Perkins et Al. have shown that the physical results are 
insensitive to the core model used for the gauge fields mediating baryon violating processes. 



C. The External Solution 



Outside the string core, the gauge field of the string A^ str has only, from equations [7| 
and |9], a non vanishing component Ag = ^r str , and the effective gauge fields G and G' are 
set to zero. Therefore the equations of motion (|17D for r > R become, 

i^D e ^ L e L = 
vfDfe R = 
vfDffi = 

i^D^ R q R = (20) 
where the covariant derivatives D e ^ L,R ^ = <9 M + ieA^ str Tgll L ' R ^ and D^^ L ' R ^ = d u + 



ieA 



u,str 1 str 



q,(L,R) 



We take the usual Dirac representation = (0,£ e ) , tR = (Xe> 0) , q c L = (0,£ g c) and 
q c R = (x,^, 0) and the mode decomposition for the spinors (, q c, £ e , \q c an d Xe> 

\ 



n=+oo 



n=+oo 

W)M)= E 



Xl( e ,q=)l r J 



( 



Cn 

VI (e, 



re 



;0 



And 



And 



(21) 



/ 



From appendix we see that the fields vi,( e ,g c )> V2,( e ,q c )' Xi,( e ,g e ) anc ^ X2,(e.g c ) satisfy Bessel 



equations of order n — r str 
external solution becomes 



R(e,9 c ) 



n + l — T. 



str 



n — r, 



L (e,<f ) 



str 



and n — T, 



R(e,q c ) 



str 



respectively. The 
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n=+oo 

E 



(vt qC) J 

v n n — 


str 


+ 


U n J -in- 


ii (e 
-T * 


9 c h 

) 








^ 'str 




U n -(n+1- 


R (e 
~ T str 


9 C )) 




gi(n+l 




L( B>q c){ujr) 

'str 


+ 


w (e,q c Y J 


-T L{£ 
' str 




>r)) 




i (w^J 


L {e , qn (ujr) 

r± 'str 




wt qCy J , J . 1 

n — (ra+1- 


L (e 
' str 


<2 C )% 


[ur)) 


gi(n+l 



(22) 



Therefore, outside the string core, we have got independent solutions for the quark and 
electron fields. 



D. The Internal Solution 

Inside the string core, the gauge field of the string, A M , is set to zero whereas Go and 
G' g take the value 2\/2A and 2\/2A' respectively. Therefore, the equations of motion flTTp 
become, 

+ f^f^ = 

+ = 

+ = • ( 23 ) 

Since these equations of motions involve quark-leptons mixings, there are no independent 
solutions for the quarks and electron fields. However, we get solutions for the fields p^ and 
o ± which are linear combinations of the quarks and electron fields, 

p ± = Xq c ± Xe (24) 

and 

<T ± = Sf±Z e . (25) 
Using the mode decomposition ( ]2"T| ) for the fields p^ and a ± , the internal solution be- 



ll 



i pt 2 e^ e 



(26) 



/ 



where and an d a ni an d a n2 are the upper and lower components of the fields p ± and 
a ± respectively. They are given in terms of hyper-geometric functions. From appendix 

we get, 

(2ikry 



Pnl 



(kr 



n=+oo 
\n\ -ikr \ ~» „,±' 



j=0 



(27) 



where /c 2 



(eA) s 



± , = with a± = i + |n| ± ^£±^ and 



(Hp) J 



6 = 1 + 2\n\. p%2, can be obtained using the coupled equation (pTl2) of appendix |C]. We 
find, 



Pn2 



■—(kr 
w 



\n\ -ikr 



E 



(2ikr)i \n\ — n 



J 



j=0 J- r r 



ik + -±eA). 



(28) 



We get similar hyper-geometric functions for the fields a nl and a n2 . 



E. Matching at the String Core 

From now on, we will do calculations for the right-handed fields, the calculations for the 
left-handed ones being straight-forward. Once we have our internal and external solutions, 
we match them at the string core. We must take the same linear combinations of the quark 
and lepton fields outside and inside the core, and must have continuity of the solutions at 
r = R. The continuity of the solutions at r = R implies, 

(Xl q ± Xle)° ut = P±r (29) 
(Xl q ± Xle)° ut = /4 m • (30) 

Nevertheless, we will have discontinuity of the first derivatives, 
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d_ 

dr 
, d 
dr 



' str 

R 



±eA)p% 



± in 



, d 
dr 

" 'str 



0&, ± X2 



n \out 



dr 



+ 



R 



) (Xl q ± Xle) 



n \out 



(31) 
(32) 



These equations lead to a relation between the coefficients of the Bessel functions for the 
external solution, as derived in Appendix |D|, 



wl±J n+ i- TR (wR) + J n ^ TR (wR) 

v n ± v e n wl±J_ {n+1 ^ TR) (wR) + J_ {n _ TR) (wR) 



(33) 



where 



Y^n=+oo ± {2ikr)i 



The relations 



" £pT af^C-^ -ik + l±eA) 
and (Bl) are the matching conditions at r = R. 



(34) 



F. The Scattering Amplitude 



In order to caculate the scattering amplitude, we match our solutions to an incoming 
plane wave plus an outgoing scattered wave at infinity. However, since the internal solution, 
and therefore the matching conditions at r = R, are given in terms of linear combinations 
of quarks and leptons, we consider incoming waves of such linear combinations. Let f£ 
denote the scattering amplitude for the mode n, /+ if we consider the scattering of (quarks 
+ electrons) and /~ if we consider the scattering of (quarks - electrons). Then the matching 
conditions at infinity are, 



/ 



-i) 



J n 



^ f± p ikr ( \ ^ 
_|_ Jn e 



V 



.,i0 



J 



V e J 



w 



I 



iJn+ie 

(n-T R ) 

\i («±0 J n+l-T R + «'±<V-(n+l-r«)) < 

Using then the large r forms for the Bessel functions, 

/i7T 7T 



W 



cosi or 



ixujr 



4' 



(35) 



(36) 
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and matching the coefficients of e lujr we find, 

e -irm (J-~r R n _ ]\ _|_ ^ y q' _|_ V e'^ e i{n-T R )^ ^ _ e ~2i{n-r R )-K^ 

(37) 

e m7r^ e «(n~T J? )7r _ e ~in-K\ _|_ ^9 -|- v e±\ e -i(n-T R ) f Q _ ^(n-T^Tr-j 

Matching the coefficients e _tor , we get relations between the Bessel functions coefficients, 

« ± <) = (1 - «' ± <')e- i(n - r -^) e-^)! . (38) 
The relations (|37f), (1381), (BBT) and (Rl) determine the scattered wave. 



IV. THE ELASTIC CROSS-SECTION 

When there is no baryon number violating processes inside the string core, when the 
gauge fields mediating quark to lepton transitions are set to zero, we have elastic scattering. 
In this case, the scattering amplitude reduces to, 

/f^^e-'i " (39) 

y/2nUJ e inn (g-iTflTT _ n < _i 

The elastic cross-section per unit length is given by 

+oo 

_ I V"^ eelast An8\2 I AC\\ 

Velast = \ 2^ Jn e I ■ ( 40 ) 



n=— oo 



Using the relations X^^e mx = *™* x and Sn=-oo em:c = ? we find the elastic cross- 

section to be 

1 sin 2 TR7r 
2nu cos 2 | 

This is an Aharonov-Bohm cross-section, and tr is the flux in the core of the string. 

tvt i i i . Lc,u L,u Lc,e LA l j L,e Lc,d —3 j 

Mow, remember that r str = T str = r str = T str = ^ and r str = r str = and 

Lc, i R, i i L, i ijc, i tt 

r str — r str ana T str — T str ■ rience, 
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a elast ~ a elast > elast ~ a elast ~ elast ~ a elast • (42) 

We therefore have a marked asymmetry between fermions. We have got a marked asymmetry 
between left and right handed electrons, left and right handed down quarks or, since <J l ^ st = 
&lf ast and o"*f a c st = cjgf ast , between left handed particle and antiparticle, respectively right 
handed, for the electron and the down quark. But we have equal cross sections for right 
handed particles and left handed antiparticles for the electrons and the down quark, and 
equal cross sections for both left handed and right handed up quarks an anti-quarks. This 
is a marked feature of grand unified theories. If cosmic strings are found it may be possible 
to use this asymmetry to identify the underlying gauge symmetry. 



V. THE INELASTIC CROSS-SECTION 

The gauge fields X, X', Y and Y' are now 'switched on'. In this case we are calculating 
the baryon number violating cross-section. If we consider identical beams of incoming pure 
p + and p~~ , recalling that p ± = Xq c ±Xe, this will ensure that we will have an incoming beam 
of pure quark. Therefore, the scattering amplitude for the quark field is given by half the 
difference of and /~, and the scattering amplitude for the electron field is given by half 
the sum of /+ and /~. From equation ([37]) we get, 

l - V2^J (/+ - /-) e«f = < e-*-**)* (1 - e~^) . (43) 

The inelastic cross-section for the quark field is given by, 

+oo 

<W = | E (/n + -/n)e m T- (44) 

n=— oo 

Hence, from equation (|43|) , 

1 +oo 

*<n*~-| E <e~^-y. (45) 



Using equations (p3|), (p4|) and (|38|) , we find, 



J(n-r R )Z J I 



'5+ + d l (n - trtv) 8 n + e (n - t r ti) 
15 



(46) 



where 



,± W 1^ Jn+1-T R (WR) + Jn-T R {wR) 



n wl±J- {n+ i- TR) {wR) + J_ {n „ TR) (wR) 

and A ± are given by equations fl34|). Equations (f£5|), (|46| ) and (f|7|) determine the inelastic 
cross-section. This is given in terms of a power series. However, using small argument expan- 
sions for Bessel functions, we conclude that this power series involves always one dominant 
term, the other terms being suppressed by a factor (uoR) n where n is an integer such that 
n > 1. Therefore the inelastic cross-section involves one dominant mode, the other modes 
being exponentially suppressed. If d denotes the dominant mode we get <Ji ne i ~ - \v^\ 2 . The 
value of the dominant mode depends on the sign of the the fractional flux r str . Our results 
can be summarised as follow. 

For < tr < 1, the mode n = is enhanced, and the other modes are exponentially 
suppressed. Hence, 

Oinei ~ - Kl 2 • (48) 

OJ 

Using small argument expansions for Bessel functions, this yields 

a mel ~ - (eAR) 2 (uR)^-^ (49) 

where A is the value of the gauge field inside the string core, e is the gauge coupling constant, 
and R ~ rj, rj being the the grand unified scale~ 10 l5 GeV. The greater amplification occurs 
for eAR ~ 1, giving o inel ~ \ (uR)^ 1 ^. 

For — 1 < tr < 0, the mode n = — 1 is enhanced, and the other modes are exponentially 
suppressed. Hence, 

<W \v e _^ 2 . (50) 

to 

Using small argument expansions for Bessel functions, this yields 

a inel ~ - (eAR) 2 (coR)< 1+ ^ . (51) 
oo 
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The greater amplification occurs for eAR ~ 1, giving <Xj ne j ~ - (uR)^ 1+TR \ Thus, the baryon 
number violating cross-section is not a strong interaction cross-section but is suppressed by 
a factor depending on the grand unified scale rj ~ R^ 1 ~ 10 15 GeV. The baryon number 
violation cross-sections are very small. For m and di we obtain, 

a inel ~ - (^) 3 ' 6 . (52) 
to 

Whereas for d,R we get, 

Oinel ~ - Mf 8 • (53) 

Here again we have a marked asymmetry between left and right handed fields. We find an 
indeterminate solution for the left-conjugate up quark because its phase around the string 
(^) differs from the phase of the left-handed electron (-r§) by a fractional value different 
from a half. 



VI. THE SECOND QUANTISED CROSS-SECTION 

We now derive the baryon number violating cross-sections using the perturbative method 
introduced in section [III A| . 

Firstly, we calculate the geometrical cross-section. This is the cross-section for free fields 
ipfree, where ipfree is a 2-spinor. In the case of gauge fields mediating catalysis it is given by, 

{^) ge om = ^^Rf{eAR) 2 (54) 

where u is the energy of the massless field ipf ree , A is the value of the gauge field mediating 
quark to lepton transitions, e is the gauge coupling constant and R is the radius of the string 
with R ~ r]~ l with 77 ~ 10 15 GeV. 

The second step is to calculate the amplification factor A = -r^—-, ib and ibf ree being 

Wfree J 

two 2-spinors. The catalysis cross-section is enhanced by a factor A 4 over the geometrical 
cross-section, 
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(55) 



'd@ ,9eom - 

We now use the results of sections [ill Q [ill D| and E| where we have solved the equations 



of motion for the fields ip and calculated the matching conditions. Using equation |22 
get the wave function ip at the string core, and for the mode n, 



we 



\ 



(56) 



((«« ± vl) J n - Tstr (uR) + «' ± <) J_ (n _ Tstr) M)) 

^ {{vi±vi) j n+1 _ Tstr M) + «'±<')j-(n + i-T Str) M)) e *("+^y 

Using equations ([33]) and (B3) and using small argument expansions for Bessel functions, we 
conclude that for n > 0, (v^±v^) ^> (t>^' ±t>^'), and for n < 0, (i^±i>^) << (i^ ±t>^'). Now, 
from equation ([38l), we see that is one coefficient dominates that will be the 0(1). Hence, 
for n > 0, (f^ ± v^) ~ 1, and for n < 0, (t>^' ± t>^') ~ 1. Therefore, using small argument 
expansions for Bessel functions we get for n > 0, 



\ 

) 



(57) 



(uR) n+1 ~ T ° 

which is to be compared with ip^^ ~ 1 for free spinors. The upper component of the spinor 
is amplified while the other one is suppressed by a factor ~ (uR). For n < we have, 



-(n+l— Tgtr.K) 



(58) 



Hence we conclude that for n < the lower component is amplified while the upper one is 
suppressed by a factor ~ ojR. 

Therefore, for T str = the amplification occurs for the lower component and for the 



mode n = — 1. The amplification factor is 



A ~ (toR) Tstr 



leading to the baryon number violating cross- sect ion, 



(59) 



&inei ~ - (eAR) 2 (uR) 

CO 



4(1 + T str ) 



(60) 



In the case r str = ^, the amplification occurs for the upper component and for the mode 
n — 0. The amplification factor is, 



This method shows explicitly which component of the spinor and which mode are enhanced. 
The results agree with scattering cross-sections derived using the first quantised method. 



We have investigated elastic and inelastic scattering off abelian cosmic strings arising 
during the phase transition SO (10) < ^i| 6> SU(5) x Z 2 induced by the Higgs in the 126 
representation in the early universe. The cross-sections were calculated using both first 
quantised and second quantised methods. The results of the two methods are in good 
agreement. 

During the phase transition SO (10) — > SU(5) x Z 2 , only the right-handed neutrino gets 
a mass. This together with the fact that we are interested in energies above the confinement 
scales allows us to consider massless particles. 

The elastic cross-sections are found to be Aharonov-Bohm type cross-sections. This is as 
expected, since we are dealing with fractional fluxes. We found a marked asymmetry between 
left-handed and right-handed fields for the electron and the down quark fields. But there 
is no asymmetry for the up quark field. This is a general feature of grand unified theories. 
If cosmic strings were observed it might be possible to use Aharonov-Bohm scattering to 
determine the underlying gauge group. 

The inelastic cross-sections result from quark to leptons transitions via gauge interactions 
in the core of the string. The catalysis cross-sections are found to be quite small, and 




(61) 



leading to the baryon number violating cross- sect ion, 




(62) 



VII. CONCLUSION 
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here again we have a marked asymmetry between left and right handed fields. They are 
suppressed from a factor ~ ^~ 3 - 6 for the left-handed up and down quark fields to a factor 
~ r]~ 2 - 8 for the right-handed down quark field. 

Previous calculations have used a toy model to calculate the catalysis cross-section. Here 
the string flux could be 'tuned' to give a strong interaction cross-section. In our case the flux 
is given by the gauge group, and is fixed for each particle species. Hence, we find a strong 
sensitivity to the grand unified scale. Our small cross-sections make it less likely that grand 
unified cosmic strings could primordial baryon asymmetry, though they could help 

generate it (Tj|. If cosmic strings are observed our scattering results, with the distinctive 



features for the different particle species, could help tie down the underlying gauge group. 
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APPENDIX A: BRIEF REVIEW OF SO(10) 

The fundamental representation of SO(10) consists of 10 generalised gamma matrices. 
They can be written in an explicit notation, in terms of cross products, 

Ti = 0\ X cr 3 X (T 3 X ff 3 X (J 3 
r 2 = CT 2 X 0\ X 0" 3 X (T 3 X (T 3 
T 3 = / X 0\ X (J3 X (J 3 X (T3 

r 4 = / x d 2 x ct 3 x a 3 x a 3 

T 5 = / x / x ox x a 3 x cr 3 

T 6 = / X / X d 2 X d 3 X (T 3 

T 7 = I x I x I x oi x o 3 
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r 8 = / X I X I X <7 2 X (7 3 

r 9 = /x/x/x/x(7 1 

r 10 = / x / x I x / x (j 2 (Al) 

where the <7j are the Pauli matrices and I denotes the two dimensional identity matrix. They 
generate a Clifford algebra defined by the anticommutation rules 

{r i ,r j } = 26 ij * = i, ...,io. (A2) 

One can define the chirality operator x, which is the generalised 75 of the standard model 
by 

10 

x = H) 5 Ilr*. (A3) 

i=l 

In terms of the cross-product notation, x has the form, 

X = a 3 x 0-3 x 0-3 x 0-3 x <j 3 . (A4) 
The 45 generators of SO(10) are also given in terms of the generalised gamma matrices 

M a6 = ^[r i ,r j ] i,j = 1...10 . (A5) 

They are antisymmetric, purely imaginary 32 x 32 matrices. One can write the diagonal M, 

M 12 = ~a 3 xlxlxlxl 
M 34 = -Ixa 3 xIxIxI 

1 

M b6 = - I x I x a 3 x I x I 
M 78 = -IxIxIxa 3 xI 

M 910 = i/ x/ x/ x/ xo- 3 . (A6) 
In SO(N) gauge theories fermions are conventionally assigned to the spinor representation. 

N 

For N even, the spinor representation is 2~ dimensional and decomposes into two equivalent 
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N 1 

spinors of dimension 2~ by means of the projection operator P — ^ (1 ± x), where 1 is 

N N 

the 2~ x 2~ identity matrix. Thus SO(10) has got two irreducible representations, 



(A7) 



of dimension 16. Therefore SO(10) enables us to put all the fermions of a given family in the 
same spinor. Indeed, since each family contains eight fermions, we can put all left and right 
handed particles of a given family in the same 16 dimensional spinor. This is the smallest 
grand unified group which can do so. However, gauge interactions conserve chirality. Indeed, 

^7m^V = TpLl^A^L + ipm^A^R . (A8) 

Therefore ipi and ipR cannot be put in the same irreducible representation. Hence, instead 
of choosing ip L and ipR, we chose ipL and ip c L . The fields ipi and ip c L annihilate left-handed 
particles and antiparticles, respectively, or create right-handed antiparticles and particles. 
The fields tpL and i\) c L are related to the fields ipR and ipR by the following relations, 

r L = P L r = PlC^ t = C^P L ) T = Cif R T = C^^r (A9) 
rfo = rho = rh^C^o = -VrC- 1 = VrC (A10) 

where the projection operators Pl,r = |(1 ± 75) and C is the usual charge conjugation 
matrix. For the electron family we get, 

*l 6) = Ke) ,u c r ,u c y ,u c b , d b , d y , d r , e~ ,u b ,u y ,u r , z/ (e) , e + , d c r , d c y , d c b ) L (All) 

where the upper index c means conjugate, and the sub- indices refer to quark colour. We 
find similar spinor and \J/( r ) associated with the \i and the r family respectively: 

= {v[n) ,c c r ,c c y ,c c b , S b , S y , S r , ,c b ,c y ,c r , u M , /i + , s c r , s c y , s c b ) L (A12) 

^ {T) = {lst T) ,t%t y ,tt,b b ,b y ,b r ,T- ,t b ,t y ,t r ,V {T) ,T + ,b%b y ,b C b ) L . (A13) 
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APPENDIX B: THE EXTERNAL SOLUTION 



We want to solve equations (0). We set d t = —iu>, where to is the energy of the electron 
and take the usual Dirac representation e L = (0, £ e ) , e# = (x e , 0) , q c L = (0, £ 9 ) and 
1r = (Xqj 0)- We use the usual mode decomposition for the spinors £ q , £ e , x q and Xe '■ 

\ 



n=+oo 



X(e,q°)(r,9)= J2 



n=+oo 



,-:i0 



\ 



Then, using the basis, 



( 



y &(e,q*)( r ) ( 
\ 



W 



And 



And 



(Bl) 



/ 



ia J 



-IG J 







(B2) 



R(e.q^) 
'sir 



the equations of motion (p20|) become, 

, ,.,n I d , n+1 

T fl(e.? C ), 

W ^",(e,f) + ~ r + "^7 • 



/ i£ n _L ( d -L- n + J 



^2 





It is easy to show that the fields £i ( e gC ), £i( eg c), Xi( e g°) anc ^ X2(eg c ) satisfy Bessel equations 
of order n — r^} e ' q \ n + 1 — r^ 6 ' 9 \ n — r^ r ^ and n — T^} e ' 9 respectively Hence the 
external solution is, 



+ 



'sir 



n 

A2,(e,f) 
n 

Al,( e ,f) 

£•71 

S2,(e,q c ) 

£•71 











(B3) 



K X(e,q°){r,8) j 



n=+oo 

E 



(u (e^) Z l 



\ ft ^ 



n+l-r 



2 117. 



(e,? c )7l 
n n 



L(e,qC) 



n+1— r 



(cur) 


+ 


n n- 


T sir 


qC) 




+ 


n n+1- 


R(e 
'sir 


qC) 


)W 


+ 


wt gC) 'Z 2 

n n- 


L (e 
'sir 


qC) 




+ 


n n+1- 


L (e 
' sir 


qC) 



And 



cur)) e inf> 



(B4) 

The order of the Bessel functions will always be fractional. We therefore take Z], = J v and 

Zl = J-v 



23 



APPENDIX C: THE INTERNAL SOLUTION 



We get solutions for fields which are linear combinations of the quark and electron fields. 
Indeed, we get solutions for the fields a ± = £, g ± £ e and p^ = Xq^Xe- Using the mode 
decomposition (|21|), the upper components of the fields p ± and a ± are respectively = 
Xigc ± Xie an d Pn2 = X2g c ^ %2e whilst the lower components are = £" g c ± £i e and 
a n2 = ^2() c =t iie respectively. The equations of motions (E3f) become 



^Pni -(i + ^T eA') p± = 
^Pn2 + (£ - ? ± eA') pt, = 

(CI) 

«><& + {i + ^ T eA) at 2 = 
^n2 - (i ~ * ± eA) a± = 

Combining the two first equations of (|CT|), one can see that p^i satisfy an hyper-geometric 
equation giving, 

pii = (krpe-^ n Y?otf { ^ (C2) 

3=0 J' 

where k 2 = w 2 - (eA) 2 , e = Jfe. af +1 = ^af with g± = § + |n| ± ^tll and 
6=1 + 2\n\. p^ 2 can be obtained using the coupled equation (|CT,2). We find 



/4 = - V) W ^lf (M^ - zA; + ^ ± eA) . (C3) 

cr^ 2 are also solutions of hyper-geometric equations, and using the coupled equation ( |C1[ 4) 

we get, 

^ = (krpe-^ n j^Pf { ^ (C4) 

3=0 J' 

where fc 2 = w 2 - (eA') 2 , = ^^Pf with c± = § + |n| ± eA ' { 2 f k +l) ■ And the internal 
solution is, 
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( ± And \ 
£*ral e 



« Pn2 e J (" +1 ) e 



cr nl e 



« ^t 2 e l(n+1)e 



(C6) 



Therefore the internal solution is giving by a linear combination of the quark and electron 
fields. 

APPENDIX D: THE MATCHING CONDITIONS 



The continuity of the solutions at r = R lead to, 

(2ikR) j 



(kR) H e- ihR ]T a 



«±<)J n _ rfl M) + «'±<')J-(n-r fl )M) 



(Dl) 



E 



(2i£;r)^ 



( 



n — n 



R 



ik + ^± eA) 
R 



3=0 3- 

vl± V n) J n+l-r R (uR) + (V% ±U*')J-(n+l-T H )(wi2) . 



(D2) 



Nevertherless, we will have discontinuity of the first derivatives. Indeed, inside we have 



<i + 2±1 zp eA') p± = 



^Pn2 + 



- tir 

A 

- tir 



a ± eA') p± = 



whereas outside we have 



"(xl q c±Xle) ~ (i + T 



Vl _|_ Zstr 



) ( X l qC ± Xl e ) = 



Now, 



(D3) 



(D4) 



(■y n + v™ "l ou * — n ±in 



lA2, 9 c ^ A2,eJ Pi 



n2 



(D5) 
(D6) 



giving us the relations for the first derivatives, 
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i- T eA) pi™ = (-1 - (*» ± x ») 



d 

'dr 
, d 
"dr 



n \out 



dr R y - J < 



± eA) ptr = 0- + ) (xLc ± • 



Dividing equation (|D1| ) by equation ( p2|) or either replacing equation (|D1|) in equation ( 
we get the following relations 



(D7) 
(D8) 



wl±J n+ i- TR (wR) + J n - TR (wR) 

vl±v e n w l±J_ (n+1 ^ TR) (wR) + J_( n _ TR ){wR) 



(D9) 



where 



i=o 



+00 a ± (2ikr)i 



"3 jl 



n=+oo ± (2ikr)i / \n\-n 



En=H 
i=o 



(D10) 
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